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BOUNDARY CONDITIONS OF SLIP OF A BINARY
GASEOUS MIXTURE AND THEIR APPLICATION IN
THE DYNAMICS OF AEROSOLS.

2. GAS FLOW ALONG A SLIGHTLY CURVED
SURFACE. THEORY OF DIFFUSION PHORESIS OF
MODERATELY LARGE NONVOLATILE AEROSOL
PARTICLES

Yu. I. Yalamov, A. A. Yushkanov, and UDC 532.529.5
S. A. Savkov

A complete system of boundary conditions for the slip of a binary gaseous mixture along a nonevaporating
surface of small curvature is constructed with allowance for all effects that are linear in the Knudsen number.
An expression for the rate of diffusion phoresis of a moderately large nonvolatile aerosol particle in the
binary gaseous mixture is obtained.

The surface curvature was taken into account in the boundary conditions of slip of a binary gaseous mixture
only in [1, 2]. In them from a solution of the BGK model of the kinetic equation an expression was obtained for
the diffusion slip velocity with allowance for Barnett slip and a correction, linear in the Knudsen number Kn =4/R
(A is the mean free path of the gas molecules; R is the surface curvature radius), to the coefficient of diffusion slip
due to the presence of a radial flow owing to evaporation from the surface. In the case of a nonvolatile particle the
latter effect is absent. To construct a theory of diffusion phoresis of moderately large aerosol particles, additional
corrections to the slip coefficients for the curvature and also spreading of the mass and heat fluxes and the diffusion
flow in the Knudsen layer should be taken into account.

We consider a spherical nonvolatile aerosol particle of radius R in a flow of a binary gaseous mixture that
is nonuniform in temperature and concentration. As in the previous paper [3] we will assume that the variation in
the concentration, temperature, and mass velocity of the mixture is small over the mean free path of its molecules
and the gradients of the temperature T and the relative concentration of molecules of the first component of the
mixture nyg = n1/n (n = ny + ny) coincide in direction with the mass velocity U.

We introduce a spherical coordinate system with origin at the center of the particle. The polar axis is
directed along U. All considerations are stated in vector form, i.e., we will consider the distribution function for
molecules of the i~th component of the mixture f; as the corresponding component of the vector f. A similar approach
is used, for example, in [4].

We will seek the function f as a sum of the volume distribution ¥ and a correction @ that describes the
influence of the particle:

f=f0(1+1p+(D). ¢Y)

Here fo is a diagonal matrix with the coefficients fg = 6ijf? , f,o is the equilibrium Maxwell distribution function for
molecules of the i-th component of the mixture.
In [3] the correction ®; was represented as

3 .
;= Y qP(c). @
=0
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The coefficients aﬁ were determined from solution of a system of eight differential moment equations, which entails
well-known difficulties of a computational character. It is evident that the complexity of computations will increase
significantly when computing corrections for the curvature. Therefore, from here on, use will be made of the
distribution function

O = (a; + a,sign c,) cgW + (ag + a4 sign c,) gD + (a5 + ag sign c,) c,cgB (3)

where W, D, and B are vectors with the components W; = VM;, D;, and B;; M; = m;i/mg, mg = m; + mg; D; and
B; are the corresponding coefficients in the Chapman-Enskog function. This approach corresponds to the basic idea
of the method of half-spatial moments [5], according to which the form of the moments of the distribution function
® is chosen in analogy with to the Chapman-Enskog volume distribution.

It can be shown that function (3) yields satisfactory accuracy in computing the coefficients of slip of a
mixture along a plane surface. The difference from the values calculated by using function (2) does not exceed 5%
over the entire range of mass-diameter relations for the molecules of the mixture components that was considered
in [3]. At the same time, using the distribution function in the form (3) enables us to simplify the computations
substantially.

The coefficients a; are determined from the solution of the Boltzmann kinetic equation, which in matrix
form, appears as

0
£ W) ®; = Ly, 4
where Lj; is the matrix operator of collisions:

L@

X =

2
= Oy 1; (D)) — nynadyy ().
To form the system of moment equations, we scalar-multiply (4) by the vectors Wcg, Wcg sign ¢, Dcg, Dcg
sign ¢,, Bcycp, Beyey sign ¢, and integrate over the entire velocity space. Omitting awkward expressions, we note

that in a linear approximation with respect to Kn the solution of the obtained system of six differential equations
appears as

2
a; = gl Cv(a}'+Knﬁ’,’)exp{—(yv+Knrv)r}, &)

where y, and 7, are determined from the condition of consistency of the system. The coefficients ) and ] are
expressed in terms of determinants of the fifth rank. The constants of integration C, are determined from the
kinetic boundary conditions of reflection of gas molecules from the particle surface

r f=qf, (6)

which that are also represented in a moment form. To do this, equality (6) is scalar-multiplied by the vectors Wy,
Dvg, and By, and integrated over the positive velocity half-space. By solving the abtained system of equations we
find the unknown constants of integration and the tangential component of the mass velocity for the mixtuare:

1 g
Up = Dyy [75 (Kpg + Kn Kps) =g+ Kn K%Sl D;e] +

1 aT
+ p'ﬂ—T [E (Krs; + Kn Krg) 2g T Kn Kps; Tne] + Kn RKg; ILg; ™
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We do not take into account corrections to the Barnett and isothermal slip coefficients for the curvature, since their
contribution to the slip velocity is proportional to the square of Kn.

In addition to the boundary conditions for the tangential component of the velocity it is necessary to obtain
the boundary conditions for the normal components of the mass and heat fluxes and the diffusion flow. To do this,
we make use of the laws of mass conservation for each component of the mixture and the law of energy conservation.

If there is no adsorption or desorption of molecules of the gaseous mixture on the aerosol particle surface
and the surface is impermeable, the normal components of the spatial macroscopic velocity of the i-th mixture
component on the surface must be equal to zero, i.e.,

Vy=U,+7,=0 at r=R. ®

And the spatial velocity itself must satisfy the continuity equation: div V; = 0. Here U; is the macroscopic velocity
of the i-th component of the mixture in the hydrodynamic sense, i.e., the velocity satisfying the gasdynamic
equations provided they are assumed valid up to the particle surface; v; = 1/n; [ f?d)ividvi is the correction that
occurs in taking account of the Knudsen layer.

It is evident that the velocity U; also must also satisfy the continuity equation, and therefore the mean
velocity v; is to satisfy this equation too. By integrating the continuity equation, written for ¥; in a spherical
coordinate system, over the Knudsen layer and taking account of equality (8) we obtain

2 2
rlUp=—rv,=-

r
sin 6

%(ﬁ-e sin ) dr .

=8

In a linear approximation with respect to Kn the variable r can be replaced by R. After integrating we obtain the
boundary condition for the normal component of the mass velocity of the i-th mixture component. In specific
computations it is more convenient to use the boundary condition for the mass velocity of the mixture:

2
Pi 1| . 3\ 9y
U, = 2:1 Ul-z-= Kni [Cv Dy, (Ctane +6_9) =8 t
T a aT
+Cv;)”f(ctan6+gg)3§-] 9)
and the boundary condition for the diffusion flow:
anyg  Kr o1 n’

Ui = Upr = = ( or *T or ) P2y

onyy . Kr ot 1| b a ) Inyg
_6;—+‘T79F—Kn_§ CD(CtaIIG'FW)To—-}-

T__1 ERN
+Cbo7p (ctan0+ ae) ao] , (10)

where K7 is the thermodiffusion ratio.
Similarly, we can obtain the boundary condition for the normal component of the heat flux:
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TABLE 1. Values of the Kinetic Coefficients

Kinetic coefficients N2—H3, n20=0.01 o N2 nloc=of;20 =03 e
Kps —0.1852 0.0233 0.1968 0.1031
KB —0.1468 0.0780 0.1639 0.1714
KB 0.4846 0.0520 -0.6271 -0.1418
Krsp 1.1468 1.1474 1.1282 1.1280
KR —2.4598 —2.4580 —2.4422 ~2.4170
K2 —3.5670 ~3.5587 ~3.5532 —3.5249

Ky 1.1498 1.1478 1.1543 1.1524
cP —0.0435 ~0.0131 0.0578 0.0006
c? 0.4445 0.4445 0.4390 0.4368
cB 0.3377 0.3351 0.3410 0.3357
ch 0.0021 ~0.0030 ~0.0116 -0.0083
c? 0.0141 ~0.0078 -0.0153 -0.0167
c) 0.2272 0.2266 0.2260 0.2223
T ; n® ony
K £ + PDy, Ky mny o =
=Kn%[CqDD12(ctan0+-a%)—qg—éq+;qfcg(ctan0+%)%—g} (11)

(T; and «; are the temperature and thermal conductivity of the particle; P = nkT).

Conditions (7), (9)—(11) are a complete system of boundary conditions of slip for a nonuniform binary
gaseous mixture along a slightly curved nonevaporating surface of small curvature. The values of the kinetic
coefficients calculated for specific mixtures for molecules that interact as elastic spheres in pure diffuse reflection
of them from the particle surface are given in Table 1.

We use the obtained boundary conditions to compute the rate of diffusion phoresis of a moderately large
nonvolatile aerosol particle. We consider a spherical aerosol particle of radius R in a binary gaseous mixture, in
which a constant concentration gradient of the components is maintained. We will assume a small concentration
drop over the particle dimensions. This enables us to linearize the diffusion, heat conduction, and Navier-Stokes
equations that describe the state of the gas beyond the Knudsen layer. In the stationary case these equations appear
as [6]

nAU = AP, divU=0,

(12)
An10=0, AT=O, ATi=0'
At a large distance from the particle the following conditions must be satisfied:
U,=|Ug|cosbB, Up=—|Ug,|sinb,
(13)

n10=nT0+|(Vn10)m|rC089, P=P0, T=T0.
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TABLE 2. Parameter U} as a Function of the Knudsen Number

Kn N2-H2 Nz—Oz Nz—COz N2-Ar
0 0.1851 -0.0233 -0.1968 -0.1031
0.05 0.1957 —0.0231 -0.2130 —0.1085
0.10 0.2054 -0.0233 -0.2275 -0.1137
0.15 0.2145 -0.0238 -0.2307 -0.1190
0.20 0.2231 —-0.0244 -0.2530 —0.1242
0.25 0.2314 -0.0253 —0.2647 -0.1295
0.30 0.2396 —-0.0263 -0.2760 —0.1348
K 2
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Fig. 1. Parameter Kp as a function of the particle dimension: 1) N,—0p; 2)
N2~COy; 3) Ny—Ar; L= l/m/’Z_no%Z ~A.

Here U, is the velocity of the gaseous mixture relative to the particle at infinity; Py, T, and nig are the undisturbed
values of the pressure, temperature, and relative concentration of the first component of the mixture.

By solving the system of differential equations (12) with the boundary conditions (7), (9)—(11), and (13)
we obtain the following expression for the diffusion phoresis rate, i.e., the velocity of the aerosol particle relative
to the mixture at rest at infinity:

*
UD = - Uoo = UD D12 (ano)m y

. -1
(1-KnCh (1 +2Knkg) !

— Kpg (1 +2KnCp) — Cyp (1 + 6 Kn Kg)) +

nP 2 D _.D n

It is only terms linear in K7 that are left here since the thermodiffusion ratio is small for the majority of real
mixtures.
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Table 2 gives the dimensionless parameter Up as a function of the Knudsen number for a highly heat-
conducting particle, when the contribution of the thermal slip to the diffusion phoresis rate can be ignored.

Of special interest is a comparison with data of an experiment [7] in which the velocity of a mixture and
drops of silicone oil suspended in it was measured. Figure 1 gives experimental values of the parameter Kp, which
is related to Uf) by the relation:

Ky= U+ 2=
myhyg + Maiyg

The arrow shows the values of Kp obtained in experiments on measuring the diffusion phoresis force that
acts on a fixed large aerosol particle [8]. The solid, dashed, and dot-dash lines are theoretical values of Kp for
N,-0,, Np—CO3, and N,-Ar mixtures, respectively.

For the Na-Ar and N,—CO; mixtures the theoretical curves lie within the spread of the experimental data.
For the N,—O, mixture we observe qualitative agreement of the character of the dependence of Kp on the particle
dimension but there is a systematic deviation of the theoretical curve from the experimental data. However, the
plot shows that for this mixture the data of the above experiment differ substantially from the value obtained in
an experiment with a solid large particle [8 ], the reason for this difference being vague. It is pertinent to note that
the difference of the theoretical value for Kp from the results of the experiment of [81is under 10%.

NOTATION

T and p, temperature and density of the mixture; Dy and %, coefficients of interdiffusion and dynamic
viscosity of the mixture; &k, Boltzmann constant; n;, m;, o;, and v;, concentration, mass, diameter, and intrinsic
velocity of molecules of the i-th component of the mixture; ¢;, dimensionless intrinsic velocity of molecules of the
i-th component of the mixture; f;, velocity distribution function for molecules of the i-th component of the mixture;
f? , equilibrium Maxwell distribution function; v;, distribution function in the gas volume away from the surface;
®;, correction describing the influence of the surface; , and K, diffusion, thermal, and isothermal slip coefficients;
K%S, and KIT;SZ’ Barnett slip coefficients; KﬁS[ and K‘;S,, corrections to the slip coefficients for surface curvature;
Ce , CT, cﬁ, Cg, Cf , and Cg , coefficients describing spreading of the mass and heat fluxes and the diffusion flow;

v
d;j, Kronecker delta symbol; V and A, Hamilton and Laplace operators.
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